In this paper we present a new formulation of the change of gauge formulas in second order cosmological perturbation theory which unifies and simplifies known results. Our approach is based on defining new second order perturbation variables by adding a multiple of the square of the corresponding first order variable to each second order variable. A bonus is that these new perturbation variables are of broader significance in that they also simplify the analysis of second order perturbations in the super-horizon regime in a number of ways, and lead to new conserved quantities.
Introduction
Cosmological perturbation theory plays a central role in confronting theories of the early universe with observations. The increasing accuracy of the observations, however, has made it desirable to extend the theory from linear to second order (i.e. nonlinear) perturbations, 1 which presents various technical challenges. For example, in applying cosmological perturbation theory at second order it is often desirable to use several gauges since the physical interpretation may require one gauge while the mathematical analysis may be simpler using a different gauge. The change of gauge formulas at second order that are needed in this situation have a complicated structure and are cumbersome to work with due to the presence of source terms that depend quadratically on the first order perturbations. This state of affairs motivated us to revisit the problem of gauge change at second order. Our starting point was two papers that give a fairly comprehensive treatment of this topic, with a description of the general method for deriving the formulas, together with various specific cases, namely, Noh and Hwang (2004) [20] (see sections VI and VII) and Malik and Wands (2009) [16] (see sections 6 and 7).
2 Reading and interpreting the formulas in these papers is not easy due to their complexity, and comparing formulas in the papers is difficult because of the lack of a standard notation. However, while studying the formulas in these papers we noticed that for scalar perturbations they have certain features in common that enables one to write them in a unified and simpler form.
We consider first and second order scalar perturbations of Friedmann-Lemaître (FL) universes subject to the following assumptions: i) the spatial background is flat;
ii) the stress-energy tensor has zero anisotropic stresses and zero heat flux, where a perfect fluid and a scalar field will be explicitly considered;
iii) the linear perturbation is purely scalar.
We will use the following five gauges: the Poisson (longitudinal, zero shear) gauge, the uniform curvature (spatially flat) gauge, the total matter gauge, 3 the uniform density gauge, and the uniform scalar field gauge.
The simplification of the gauge change formulas is accomplished by making three choices. First, we use a common fixing of the spatial gauge freedom so that the remaining degrees of freedom in the gauge vector fields (r) ξ a , r = 1, 2, are the temporal components at first and second order. Second, we introduce scale-invariant variables by normalizing the variables so that they are invariant under constant conformal and coordinate transformations. In particular, as the time variable we use the so-called e-fold time N which is defined by N = ln(a/a 0 ), where a is the background scale factor. 4 Third, a careful inspection of the source expressions in the known gauge change formulas reveals that a number of quadratic first order terms can be incorporated in a systematic way into the second order perturbation variables and the 2 Other papers that have been influential in developing and applying second order cosmological perturbation theory but do not emphasize change of gauge formulas are Bartolo et al (2004) [1] and Nakamura (2007) [19] . Examples of recent papers that use change of gauge formulas at second order are Malik (2005) [15] , Christopherson et al (2011) [6] , Hidalgo et al (2013) [10] , Christopherson et al (2015) [7] , Carrilho and Malik (2015) [5] , Dias et al (2015) [8] , Villa and Rampf (2016) [29] (see equations (3.11)-(3.14) and (3.22) - (3.25) with the source terms given in equations (C.1-C.4)) and Hwang et al (2017) [11] . 3 We refer to Malik and Wands (2009) [16] , section 7.5, for this terminology. See also Liddle and Lyth (2000) [14] , page 343. This gauge was apparently introduced by Kodama and Sasaki (1984) [13] , and called the velocity-orthogonal isotropic gauge (see page 45, case 2b). 4 See for example, Martin and Ringeval (2006) [?] . The scalar N represents the number of background e-foldings from some reference time a 0 . We note that the two other commonly used time variables, clock time t and conformal time η, are not scale invariant.
temporal gauge vector field, leaving much simplified source terms. We will use a hat notationf for these source-compensated second order perturbation variables. For the metric and matter variables we can give a unified definition as follows:
where the kernel represents a scale-invariant metric or matter variable and the coefficient C depends on the background variables, while for the temporal component of the gauge vector field using e-fold time N as time coordinate we define
where we write ∂ N ≡ ∂/∂ N for brevity. In terms of these quantities, inspection of the known change of gauge formulas leads to the following unified form:
(1)
where the subscript • stands for a letter describing a particular gauge choice. We find that the reminder term rem,• for most metric and matter variables is a simple quadratic function of the first order variables, which in the case of any scalar variable is in fact zero. The present paper is the first of four closely connected papers. As described above the goal of this paper is to present a simplified formulation of the change of gauge formulas at second order, and to show that it provides an efficient unifying algorithm for calculating any gauge invariant in the commonly used gauges. This will also provide a stepping stone for identifying conserved quantities and solving the perturbation equations at second order in the long wavelength limit, which will be the topic of one of the accompanying papers.
The outline of the paper is as follows. In section 2, after introducing the notation that we will use for the metric and matter variables, we present the details concerning the unified definition (1) of the hat variables and the details concerning the unified form of the gauge transformation formula (3). In section 3 for each of the five choices of temporal gauge indicated by • we give expressions for
• in terms of the metric and matter perturbation variables (see equations (41)). This set of formulas, which provides an efficient unifying algorithm for calculating any gauge invariant in any of the above five gauges, is the main goal of the paper. In section 4 we use our unified scheme to obtain examples of change of gauge formulas previously presented in the cosmological literature. Our results are more concise than those in the literature and in order to make a comparison we have to "unpack" our formulas by substituting in the expressions for the hatted variables. In section 5 we comment briefly on further applications of the hatted variables. In appendix A we make further comparisons of our gauge transformation formulas in section 2 with those in Malik and Wands (2009) [16] and in Noh and Hwang (2004) [20] .
Unified form for gauge transformations to second order
To perturb a flat FL background geometry it is convenient to write the metric as
where a is the background scale factor and η is conformal time in the background. We assume that the metric components can be expanded in powers of a perturbation parameter ǫ, i.e. as a Taylor series, for example,
We furthermore assume that the metric can be decomposed into scalar, vector, and tensor perturbations according to
where D i is the spatial covariant derivative corresponding to the conformal background metric γ ij . Since we are assuming a flat background it is possible to choose Cartesian background coordinates so that γ ij = δ ij and D i = ∂/∂x i . The matter content to be considered is given by a stress-energy tensor of the form T
where the energy density ρ, the pressure p, and the 4-velocity u a can be expanded as a Taylor series in ǫ. Perturbations of the energy density ρ are therefore given by
and similarly for the pressure perturbations. We use the usual background matter variables w and c 2 s , and the deceleration parameter q defined according to
where ′ denotes the derivative with respect to the conformal background time variable η, and H = a ′ /a = aH with H the background Hubble variable. Since we have assumed that the spatial background is flat, the Einstein field equations in the background 6 relate w to the deceleration parameter q according to
5 We use a subscript zero to denote the background value of some quantity, so that ρ 0 and p 0 are the background energy density and pressure. 6 The Einstein equations for a spatially flat background can be written as 3H
, which in conjunction with (9) yields the desired result.
a result that we will use frequently. To define the scalar velocity perturbations we expand the spatial covariant 4-velocity components, normalized with the scale factor a, according to
with D j (r)Ṽ j = 0. In the case in which the matter-energy content is provided by a minimally-coupled scalar field, we will use ϕ to denote the scalar field and define the perturbations according to
Next we turn to gauge transformations, which in cosmological perturbation theory up to second order can be represented in coordinates as follows:
where
ξ a are independent background gauge vector fields. Considering an arbitrary 1-parameter family of a tensor field A(ǫ), which can be expanded in powers of ǫ, i.e. as a Taylor series:
a gauge transformation induces a change in the first and second order perturbations of A(ǫ) according to (1) A
where £ is the Lie derivative (see [4] , equations (1.1)-(1.3)). Equations (15) describe how the geometric quantity A changes under an arbitrary gauge transformation. More importantly from a physical point of view these equations serve to define gauge invariant quantities in the following way. If we impose a restriction on the perturbation variables that determines the gauge fields uniquely, say
• , then we say that we have fixed the gauge. If we use these as the gauge fields in (15) , then the quantities 
equations (15) yield
We say that
A • are the first and second order gauge invariants associated with the tensor field A in the gauge specified by the subscript • . We list the possible possible gauges and their identifying subscripts at the beginning of section 3.
We fix the spatial gauge freedom completely by setting the metric functions C and C i in (6) to be zero order by order, which up to second order gives
As a consequence the remaining gauge freedom is described by gauge fields to second order restricted to be of the form
where (2) ξ and (2)ξi are determined by quadratic source terms that arise from the conditions (18) , where, in particular, (2) ξ depends on (1) ξ N .
8 As in the introduction we are using the e-fold time defined by N = ln(a/a 0 ) as the time coordinate instead of the conformal time η. Note that the temporal components of the gauge fields are related according to ξ N = Hξ η , which follows from
In this paper we will primarily use e-fold time N but we will also use conformal time η, depending on the context. Equation (20) enables one to make the transition and we will use it frequently. We are further restricting our considerations to perturbations that are purely scalar at linear order, i.e. the metric functions (1) B i , (1) C ij and the spatial velocity perturbation
Since purely scalar perturbations at linear order will generate vector and tensor perturbations at second order it follows that these perturbations will have (2) B i = 0, (2) C ij = 0, (2)Ṽ i = 0. However, our interest in this paper is in discussing the scalar perturbations at first and second order, which are described by the functions
ϕ, and the remaining gauge freedom which is described by the functions (r) ξ N , r = 1, 2. We now describe how the first order variables (1) B, (1) ψ, (1) V, (1) ρ, (1) ϕ transform under the remaining temporal gauge freedom. From (17a) one obtains the well known relations:
where A = ρ or A = ϕ. By rescaling the perturbations (apart from ψ) these transformation rules can be written in the unified form given in Eq. (3a), which we repeat here:
where the kernel represents the following variables in the five different cases:
The above rescaling ensures that the variables are invariant under constant rescalings of the coordinates (η, x i ) → λ 1 (η, x i ) and the background scale factor a → λ 2 a. We shall refer to variables such as these as scale-invariant variables.
We now consider the second order perturbation variables. The second order gauge transformation formulas, which follow from (17b), can be written so as to have the same leading order terms as the first order formula (23) but they also include a source term S that depends quadratically on the first order variables in a sometimes complicated way:
As described in the introduction, inspection of the different expressions S reveals that a number of quadratic first order terms can be incorporated into the second order terms in the formula (25), leaving much simplified source terms. The resulting unified formula is given by equation (3b), which we repeat here for the reader's convenience:
where stands for one of the variables in (24) . The hatted variables are given by equations (1) and (2), which we repeat here:
The details of this unified formulation lie in the coefficients C in (27a) and in the remaining source terms rem,• in (26) . The expressions for these quantities are obtained by comparing the transformation rules obtained from (17b) for each choice of in (24) with the unified form (26) . First, the coefficients C in (27a) are given by:
For a non-interacting fluid or a non-interacting scalar field, 10 so that energy conservation holds in the background:
it follows that
(30b) 10 The stress-energy tensor of a minimally coupled scalar field is equivalent to that of a perfect fluid, thereby defining an energy density and pressure for the scalar field. This equivalence leads to the following relation between ϕ 0 and ρ 0 + p 0 : ( (9) and (20) . The second equality in (30b) depends on (10).
Second, the remaining source terms rem,• have the following form for the different choices of in (24):
where the subscripts p and v stands for the Poisson and total matter gauge, respectively, which are defined in section 3. The scalar mode extraction operator S i and the spatial differential operators 12 D 0 and D 2 that appear in equations (31) are defined in equations (80a) and (81) in appendix B. We note that the temporal gauge on the right side of equations (31) is unspecified and can be chosen to be one of the standard gauges.
At this stage we introduce the scaled density perturbation
δ according to
which means that the kernel that is associated with the density perturbation in (24) is given by
The factor of 1 3 is included so that if conservation of energy holds in the background (∂ N ρ 0 = −3(ρ 0 + p 0 )) then (32) becomes
In this case the usual fractional perturbed energy density (r) δ is easily obtained via
For convenience we now explicitly list the source-compensated second order variables given by (27a), where the kernels are given by (24) and (33):
Here we have introduced the notation
for the scale factor associated with the scalar field in equation (24) . We note that equations (36d) and (36e) depend on the conservation of energy in the background. One feature of equation (26) requires comment. In this equation one can replace
• on the right side by (1) using (23), and then modify the definition of
by changing the sign in (27b). Although this form of the equation may look more natural, it turns out that the form we have given is more convenient when we actually apply the equation to make a change of gauge in section 3. Equation (26) with (36) and (31) forms the first main result of this paper and provides the basis for the change of gauge formulas in section 3. For ease of reference we now write out the unified formula (26) with having the values in (24) and (33):
where λ is given by (37) and the remainder terms by (31). However, we need to augment this set of equations with transformation equations for the metric variable φ, which has to be treated separately since its transformation law involves the time derivative of the gauge field. At first order we have:
and at second order,
ξN
3 Performing a change of gauge
Having fixed the spatial gauge (see Eq. (18)), we can now choose a temporal gauge to second order by setting to zero the first and second perturbations of one the variables B, ψ, V , δ, ϕ, thereby specifying the gauge uniquely. We use the following terminology and subscripts to label the gauges:
ii) uniform curvature gauge, subscript c , defined by ψ c = 0, iii) total matter gauge, subscript v , defined by V v = 0, iv) uniform density gauge, subscript ρ , defined by δ ρ = 0, v) uniform scalar field gauge, 13 subscript sc , defined by ϕ sc = 0.
In order to introduce a specific gauge labelled by • we must determine the transition function
• using equations (38). (We will not list the expressions for (1) ξ N
• below since they can easily be read off from the second order equations: replace (2) by (1) , omit the hats and drop the rem terms.) Referring to the above definition of the gauges we choose
• = sc in (38e), to obtain the following results:
(r)
These expressions for the gauge fields at second order represent the second main result of this paper. Their concise form is a consequence of using the hatted variables. The final step is to successively substitute the expressions (40) into (26) . This immediately gives the following change of gauge formulas at second order:
where the rem,• terms are given by (31), and represents any of the symbols in equation (24) and (33). The gauge on the right side is unspecified and can be chosen to be one of the standard gauges. For example if one wishes to transform from the total matter gauge to the uniform curvature gauge, one would use the third equation with subscripts v added on the right side:
with
at first order. 14 The remainder terms are obtained from equations (31) by choosing the total matter gauge on the right side. In the present example we obtain
Equations (41), in conjunction with the definition (36) of the hatted variables, represent the main goal of this paper. They provide an efficient algorithm for calculating any of the gauge invariants in any of the five gauges, as illustrated in the next section. Although our primary motivation was to simplify and unify the change of gauge formulas at second order, we note that equations (41) also give a useful overview of the situation at linear order, 15 and one can directly read off familiar relations such as
(45) Finally, we recall that the change of gauge formulas for the metric perturbation φ have to be treated separately and are given by equations (39), with the specific gauge field to be obtained from equations (40) once the two gauges have been chosen. An example at linear order is (1) 
Applications
In this section we give examples of using the general equations (41) to calculate second order gauge invariants of interest in current research in cosmology. The expressions we obtain are more concise than those in the literature because of our use of the hatted variables and the differential operators D 0 and D 2 . The latter feature, in particular, simplifies the representation of the terms involving spatial derivatives. In order to make comparisons with the literature it is necessary to expand or "unpack" our expressions by using the definition (36) of the hatted variables and the definition (81) of D 0 and D 2 . The latter definitions lead to the following identities that will be useful when making comparisons:
where the scalar mode extraction operator S ij is defined by (80a). We will frequently change from e-fold time N to conformal time η using equation (20) in order to make comparisons with the literature.
Our first example concerns (2) ψ ρ , which is important as a conserved quantity on super-horizon scales.
16 Choosing = ψ in (41d) and using (31a) for the remainder term immediately gives
δ∂ N
B).
14 As with equations (40), the first order formulas can be read off from the second order formulas by inspection. 
which is a concise version of equation (3.3) in Christofferson et al (2015) [7] , which relates (2) ψ ρ to (2) δ c . Unpacking our equation, changing from N to η and replacing
ρ leads to (2) 
δ c − 6H
the latter relation following from (47b) and H
δ c . We find that equation (3.3) in [7] agrees with (50).
18 Equation (50) has also been given by Carrilho and Malik (2015) [5] (see equation (3.3)).
Our second example concerns the density perturbation at second order in the total matter gauge δ v which is used when deriving the generalized Poisson equation in second order perturbation theory in relativistic cosmology (see Hidalgo et al (2013) [10] ). Choosing = 1 3 δ in (41b) and using (31d) for the remainder term we express δ v in terms of an arbitrary temporal gauge:
where the mode extraction operator S i is defined in equation (80a). Unpacking our equation, changing from N to η and using (32) leads to (2) 
(52) Equation (3.10) in [10] can be simplified to have the form (52) (subject to a few differing coefficients) when we choose the arbitrary temporal gauge on the right side of (52) to be the Poisson gauge. To make the comparison it is easier to perform further manipulations on (52) and transform it into the Hidalgo et al form.
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As our third example, by choosing = 1 3 δ in (41c) and using (31d) for the remainder term, we express δ c in terms of an arbitrary temporal gauge:
B)).
Unpacking our equation, changing from N to η and using (32) leads to (2) 
17 Set E 1 = 0 in their equation to fix the spatial gauge. There are a number of typos. 18 In rearranging the O(D 2 ) terms one has to use (32), and the definition of S ij . 19 Use
, and assume conservation of energy ρ
ψ. Equation (54) agrees with equation (7.35) in Malik and Wands (2009) [16] with the gauge fixed so that E 1 = 0.
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Our final example in this section concerns the curvature perturbation in the uniform scalar field gauge (2)ψ sc which is a conserved quantity on super-horizon scales in a scalar field dominated universe (Vernizzi (2005) [28] ). Choosing = ψ in (41e) and using (31a) for the remainder term immediately gives
Unpacking our equation leads to
Converting to η as time variable yields equation (30) in [28] .
22
This equation also corresponds to equation (285) in Noh and Hwang (2004) [20] .
Discussion
In this paper we have introduced a new formulation of the change of gauge formulas at second order, given by equations (41), that provides an efficient algorithm for calculating any metric or matter gauge invariant in commonly used gauges. The formulation is based on defining new second order perturbation variables by adding a multiple of the square of the corresponding first order variable to each second order variable, as in equation (1). We have found, however, that these sourcecompensated second order perturbation variables (in brief, the hatted variables) are of broader significance in that they simplify the analysis of perturbations in the super-horizon regime in a number of ways. For example, in this regime the perturbed energy conservation equations can be written in the following form in terms of hatted variables:
δ − 3
20 To make the comparison note that Hρ
, and write the spatial derivative terms using our notation D i , D 2 and S ij . 21 Here we have used equation (27a) for λ (2)φ and equation (28) for C ϕ , as well as the first order relation (1) 
It follows from (57), specialized to the uniform curvature gauge ( (r) ψ = 0, r = 1, 2) that (1) δ c and the hatted second order perturbation (2)δ c are conserved for adiabatic perturbations ( (r) Γ = 0, r = 1, 2) in the super-horizon regime. Note, however, that the unhatted second order density perturbation (2) δ c is not conserved unless c 2 s is constant, as follows from (36d). In this way, the use of hatted variables leads to new conserved quantities at second order. Another example is that when using the uniform curvature gauge in the super-horizon regime, the perturbed Einstein equations assume a particularly simple form when expressed in terms of hatted variables. These topics are the subject of the accompanying papers (Uggla and Wainwright (2018c) [25] and (2018d) [27] ).
A Relation with the literature A.1 Relation with Malik and Wands (2009)
We begin by listing the main differences between Malik and Wands (2009) [16] and the present paper. First, they give a more general framework for the gauge transformation formulas than we do in that they do not require the perturbations at first order to be purely scalar. Second, they do not use the gauge freedom to set C = 0, C i = 0 as we have done (C and C i are labeled E and F i in their paper). Their generating vector field ξ at first order, given by their equation (6.17),
is thus more general than ours, which is given by equation (19) (also note that they use subscripts to denote the order of the perturbation). As a result of these differences when comparing equations it is necessary to set E = 0, F = 0, S i = 0, h ij = 0 at first order in the metric perturbations (their equations (2.8)-(2.12)), and to set β 1 = 0, γ i 1 = 0 in their generating gauge vector field. Then identify
Their generating gauge vector field at second order is general, ξ
. In accordance with (19), we identify
The third difference is in the treatment of the density perturbation. Malik and Wands begin with the standard unscaled perturbation expansion (their equation (6.16)):
and do not assume local energy conservation. We, on the other hand, in several equations assume local energy conservation and then define the scaled perturbations
23 See Uggla and Wainwright (2018b) [26] .
However, normalizing with ρ 0 +p 0 is equivalent to normalizing with −ρ ′ 0 /(3H), which suggests a natural generalization in the case local energy conservation does not hold.
The fourth difference is in the treatment of the velocity perturbation. Malik and Wands begin with the perturbation expansion (their equation (4.4)):
of the contravariant spatial components of the 4-velocity, whereas we expand the covariant components as in (11), using V instead of v as the scalar perturbation of the velocity. It follows that v and V are related as follows:
We are using the same letters for the scalar metric perturbations, namely (φ, B, ψ) as Malik and Wands. Their transformation laws for these variables are given by equations (6.37)-(6.39) at first order and (6.47), (6.51) and (6.58) at second order. In order to facilitate a comparison we write our formulas using the Malik and Wands variables and notation. For (2) φ, given by equation (39b), we use (60) to obtaiñ
We have consistency with Malik and Wands equation (6.47). For (2) ψ, given by equation (38a), we use (60) to obtaiñ
To obtain agreement with Malik and Wands we write their (6.58) in the form
where χ ij is given by (6.54) specialized to scalar perturbations at first order by setting C 1ij = −ψδ ij , B 1i = D i B and ξ k 1 = 0, which yields
Substituting (68) in (67) yields (66). For (2) B, given by equation (38b), we use (60) to obtaiñ
where we have introduced the Malik-Wands notation β 2 =
ξ, which is given by
24 Expand the relation u a = g ab u b . Here we are using the Malik and Wands subscript convention to indicate the order of the perturbation.
To obtain agreement with Malik and Wands we write their (6.50) in the form
where β 2 is given by (6.59) with the spatial gauge fixed so thatẼ 2 = 0 = E 2 ,
and where χ Bi is given by (6.49) specialized to scalar perturbations at first order by setting B 1i = D i B, and ξ k 1 = 0, which yields
(73) Note that (72) with (68) yields (70). Substituting (73) in (71) yields (69).
We now consider the matter perturbations. For (2) V the "Malik and Wands form" of our equation (38c) is as follows:
To compare with Malik and Wands we need to use equations (64) and (69) to obtain the transformation law for v 2 :
where β 2 is given by (70). This agrees with Malik and Wands equations (6.27) and (6.28) apart from a differing sign in (6.27).
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Finally, for (2) δ the un-scaled form of our equation (38d) in Malik and Wands notation is as follows:ρ 
A.2 Relation with Noh and Hwang (2004)
We list the main differences between Noh and Hwang (2004) [20] and the present paper. First they use different labels for the metric perturbations:
Second, they reverse the sign of the gauge field ξ. Third, they use perturbation expansions of the form
i.e. no factor of 1 2 in the second order term, which unfortunately complicates the relation between leading order terms and source terms. Fourth, they do not use the notation H = aH, which has become standard in cosmological perturbation theory. 25 We find that after setting ξ These differences, while minor in nature, do provide somewhat of a barrier to reading their equations. One helpful feature is that they fix the spatial gauge by setting C = 0, C i = 0 (which is arguably the essence of their "gauge ready" approach). In order to relate their results to ours we translate their transformation laws for the metric perturbations (φ, B, ψ) at second order into the Malik-Wands form, as given by (65), (66) and (69). The three Noh-Hwang transformation laws are given by the first three equations in the set labeled (278) in [20] . The first equation for φ can be quickly translated into the Malik-Wands form (65). However we find a numerical discrepancy in that we obtain the terms α 1 (2α
2 instead of the terms In this appendix we introduce the spatial differential operators that are used in this paper. First, we require the spatial Laplacian and the trace-free symmetric second order derivative:
We use these to define the scalar mode extraction operators (see [23] , equations (85)):
where D −2 is the inverse spatial Laplacian. Note that S i is the inverse operator of D i and S ij is the inverse operator of D ij :
We can now define the following spatial differential operators:
which act on an arbitrary function C. 26 If the background is not flat,
The operator (DC) 2 is familiar, being the square of the magnitude of the gradient D i C, whereas the other two are less so. The expression D 0 (C) can be viewed as the scalar mode of the rank two tensor (D i C)(D j C) while D 2 (C) is defined by taking the Laplacian of D 0 (C). We mention one property of these operators that suggests their physical role. When taking limits such as the long wavelength limit and the Newtonian limit it is essential to count how quantities change under a scaling of the spatial coordinates. More precisely, if some expression L(D i ) involving D i scales as L(λD i ) = λ p L(D i ) under a rescaling of spatial coordinates x i → λ −1 x i , we say that L(D i ) has weight p in D i . 27 It follows from equations (80a) and (81) that D 0 (C) has weight 0 while D 2 (C) has weight 2 in D i . We thus expect that D 0 (C) will be dominant and D 2 (C) will be negligible in the long wavelength limit, while the reverse will be true in the Newtonian limit.
In this paper the operators D 0 and D 2 serve to simplify the quadratic source terms in the gauge change formulas at second order. They play a similar role in other source terms, for example the source terms of the perturbed Einstein tensor, and hence in the solutions of the perturbed Einstein equations at second order. The fact that these operators occur frequently motivates our choice of notation: the symbol D suggests a spatial differential operator acting on an arbitrary function C, while the subscript 0 or 2 indicates the weight in D i . The use of D i in general, rather than ,i also helps to clarify the structure of the spatial derivative terms.
It turns out that the operators D 0 and D 2 , as defined in (81), are related to two quantities, denoted Ψ 0 and Θ 0 , that have been used in the literature on second order perturbations since 1997. These quantities were defined in the case of a flat background by [18] as follows:
where C is a function that determines the spatial dependence of the perturbations. The explicit relations are simple, namely
but their derivation requires the use of some complicated identities satisfied by D i , as follows. Expand the second derivatives on the left sides to get
Next take the difference and replace D i D j by D ij on the left side to obtain:
which is the key identity. The desired relations (83) follow immediately from (85) on using the definitions (81) and (82). Although Θ 0 and Ψ 0 were first introduced to describe second order perturbations of the Einstein-de Sitter universe, since 2005 they have also been used to describe perturbed ΛCDM universes. See, for example, Bartolo et al (2005) [2] following equation (9) , Tomita (2005) [21] , equations (2.11), Villa and Rampf (2016) [29] , equations (5.21) and (5.38), and Tram et al (2016) [22] , equations (D.11) and (D.12). In these references one sees that Θ 0 (i.e. D 0 (C)) contributes to perturbations on super-horizon scales, while D 2 Ψ 0 (i.e. D 2 D 2 (C)) contributes to the Newtonian part of the second order density perturbation. As mentioned earlier, this physical interpretation 29 is a consequence of the fact that D 0 (C) is of weight zero in D i while D 2 (C) is of weight two and D 2 D 2 (C) is of weight four. The important point, however, is that D 0 (C) and D 2 (C) are not restricted in use to the ΛCDM universes: they arise in the general change of gauge formulas in this paper, in the source terms of the second order perturbations of the Einstein tensor, and D 0 (C) contributes to perturbations on super-horizon scales in general. For example, D 0 (ψ p ) contributes to the CMB anisotropy at second order on large scales. 
